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Abstract. We consider partitioned graphs, by which we mean finite strongly 
connected directed graphs with a partitioned edge set £ = £~~ U £ + . With 
additionally given a relation 1Z between the edges in £~ and the edges in £+, 
and denoting the vertex set of the graph by <p, we speak of an an 7?.-graph 
GjlCfi, £~ , £ )■ From 7^.-graphs Giz(?($, £~ , £ + ) we construct semigroups (with 
zero) Sn^, £~ , £+) that we call 7?.-graph semigroups. We write a list of con- 
ditions on a topologically transitive subshift with Property (A) that together 
Q | are sufficient for the subshift to have an 7?.-graph semigroup as its associ- 

^ ated semigroup. Generalizing previous constructions, we describe a method of 

_ presenting subshifts by means of suitably structured labelled directed graphs 

(V, E, A) with vertex set V, edge set S, and a label map that asigns to the edges 
in £ labels in an 7£-graph semigroup S-^CP, £~ , £~ ). We denote the presented 
subshift by X(V, S, A) and call X(V, S, A) an S-jzC$, £~ , £~ )-presentation. 

We introduce a Property (B) of subshifts that describes a relationship be- 
tween contexts of admissible words of a subshift, and we introduce a Property 
(C) of subshifts, that is stronger than Property (B), that in addition describes 
a relationship between the past and future contexts and the context of admis- 
sible words of a subshift. Property (B) and Property (C) are invariants of 
topological conjugacy. 

We consider presentations of subshifts, in which every symbol of the al- 
phabet has a future, that is compatible with its entire past context. Such 
subshift presentations we call right instantaneous presentations. We introduce 
a Property RI of subshifts, and we prove that property RI is a necessary and 
sufficient condition for the subshift to be topologically conjugate to a right 
instantaneous presentation. We consider also presentations of subshifts, in 
which every symbol of the alphabet has a future, that is compatible with its 
entire past context, and also a past that is compatible with its entire future 
context. Such subshift presentations we call bi-instantaneous presentations. 
The simultaneous presence of Property RI in a subshift and in its inverse is a 
necessary and sufficient condition for the subshift to be topologically conjugate 
to a bi-instantaneous presentation. 

We introduce a notion of strong instantaneity. Under an assumption on the 
structure of the 7?.-graphs Qiz(^(i, £~ , £~ ) we show for strongly instantaneous 
subshifts with Property (A) and associated semigroup Siz^, £~ , £ ~ ), that 
Property (C) is necessary and sufficient for the existence of an S-jz (?P, £ ~ , £~ )- 
presentation, to which the subshift is topologically conjugate, 

Let n > 1 and denote by cS (II) the graph inverse semigroup of the directed 
graph with II vertices, that has II 2 edges from every vertex to every vertex. 
We construct a subshift with property (A) and associated semigroup <S(II) that 
does not have Property (C). 

We associate to the finite directed labelled graphs (V, S, A) topological 
Markov chains and Markov codes, and we derive an expression for the zeta 
function of X(V, S, A) in terms of the zeta functions of the topological Markov 
shifts and the generating functions of the Markov codes. 
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1. Introduction 

Let there be given a finite strongly connected directed graph with vertex set *}3 
and edge set £. We denote the initial vertex of an edge e G £ by s(e) and its final 
vertex by t(e). Assume also given a partition 

£ = £-\j£ + . 

We call the structure (*}3, £~ , £ + ) a partitioned graph. We set 

£~(q,t) = {e~ G £~ : s(e") = q, t(e~) = r}, 

£+(q,t) = {e+ G £+ : s(e+) = r, t(e+) = q}, q,r G «p. 

We assume that £ ~(q, t) ^ if and only if £ + (q, r) ^ 0, q, r G ^3. Let there further 
be given relations 

ft(q,t) c£"(q,t) x£+(q,t), q,t€tp, 

and set 

ft = |J ft(q,t). 

The structure that is given by these data, and for which we use the notation 
Gnffi, £~ , £ + ), w e call an Tvl-graph. From an TC-graph Gnffi, £~, £ + ) we construct 
a semigroup (with zero) Sn(ty, £ ~, £ + ) that contains idempotents l p ,p G and 
that has £ as a generating set. Besides lp = l p ,p G ^3, the defining relations of 
Sn{% £-,£+) are: 

l q e~ = e~l r = e - , e~e£ _ (q,t), 

l r e+ = e+l q = e+ e+e£+(q,r), q,re«P, 

r + = flq, if (/",<?+) Gft(q,t), 

\0, if (/",<?+) £ft(q,t), f~ e£-(q,v),g+ G£+(q,t), q,tG<P, 

and 

l q l r = 0, q,ce^,q^r. 

We call iSk.0)3, £~, £ + ) an 72.-graph semigroup. The graph inverse semigroups (the 
generalized poly cyclic semigroups, see [AH] and [Ll Section 10.7] and compare |CKj ) 
are a special case of 7?.-graph semigroups: The graph inverse semigroup of a finite 
directed graph with vertex set *p and edge set £° is obtained by taking a copy 
of the graph (^p,£°) with vertex set ^3 and edge set £~ = {e~ : e G £°} and a 
copy (*}3,£ + ) of the reversed graph of (Cp,£°) and by constructing the 7?.-graph 
semigroup of the partitioned graph ($S,£~ ,£ + ) with the relations 

K(q, r) = {( e -, e+) : e G £°, s(e) = q, t(e) = r}, q, r G qj. 

The Dyck inverse monoids (the polycyclic monoids) T>n, N > 1, |NPj are obtained 
in this way from the one- vertex graph with N loops. For the 7?.-graph semigroups 
that are obtained from a one- vertex graph see also |HK[ Section 4] . 
For a semigroup (with zero) iS, and for F G S set 

T(F) = {{G-,G+) <ESxS: G~ FG+ ± 0}, 

and 

[F] ={F' eS: T(F')=T(F)}. 
The set [S] = {[F] : F 6 S} with the product given by 

[G][H] = [GH], G,HeS, 

is a semigroup. In section 2 we write a list of conditions on a semigroup (with zero) 
iS that together are necessary and sufficient for the semigroup to be an 7?.-graph 
semigroup, such that the projection of S onto [S] is an isomorphism. 
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In symbolic dynamics one studies subshifts (X,Sx), where X a shift invariant 
closed subset of the shift space S z and Sx is the restriction of the shift on S z to 
X. For an introduction to the theory of subshifts see [Ki] and [LMj . A property 
(A) of subshifts was introduced in |Kr2] . and for a subshift X with property (A) a 
semigroup (with zero) S(X) was constructed that is invariantly associated to X. 

In section 3 we translate all but the last of the conditions on the list of Section 
2 into conditions on a subshift that are invariant under topological conjugacy. For 
the last condition we obtain a possibly stronger version for subshifts, that is also 
invariant under topological conjugacy. For a subshift X with property (A) these 
conditions together imply that S(X) is an 7£-graph semigroup. 

We describe now a way to present subshifts by means of 72.-graph semigroups. 
We follow here closely [HIK1 Section 3] where this method of presenting subshifts 
was introduced for the case of graph inverse semigroups of directed graphs in which 
every vertex has at least two incoming edges. These presentations were introduced 
there for the purpose of extending the criterion for the existence of an enbedding 
of an irreducible subshift of finite type into a Dyck shift [HI to a wider class of 
target shifts. Given an 72.-graph semigroup Stz(^S, £ ~, £ + ), denote by 5-^(^3, £~) 
(tS^CP, the subset of S-jiity, £ ~ •, £ + ) that contains the non-zero elements of 
the subsemigroup of «Sr0P, £ ~, £ + ) that is generated by £~{ £ + ), and consider a 
finite strongly connected labelled directed graph with vertex set V and edge set S, 
and a labeling map A that assign to every edge a £ £ a label 

(Gl) A(a) e S£®!,e-) U {1„ : p £ %} U S+(% £+). 

The label map A extends to finite paths {(Ti)i<i<i, I £ N, in the graph (V, E) by 

H(cTi)l<i<l) = Yl H^i)- 
l<i<I 

We denote for p £ by V(p) the set of V £ V such that there is a cycle 
(cj)i<i</, / £ N, in the graph (V, E) from V to V such that 

A((<7i)l<j<j) = lp. 

We impose the conditions (G 2 - 5): 

(G2) V(p)^0, pe*p, 

(G3) {V(p) : p S <£} is a partition of V, 

(G4) For V £ V(p), p 6 and for all edges e that leave V, l P A(e) ^ 0, and for all 
edges e that enter V, A(e)l p ^ 0. 

(G5) For / S S,q,t £ *P, such that l q /l r ^ 0, and for U £ V(q),W £ V(r), 
there exists a path b in the labeled directed graph (V, S, A) from U to W such that 
A(6) = /• 

A finite labelled directed graph (V, E, A), that satisfies conditions (G 1 - 5), gives 
rise to a subshift X(V, E,A) that has as its language of admissible words the set 
of finite non-empty paths b in the graph (V, A) such that X(b) ^ 0. We call the 
subshift X(V, S, A) an S-jiity, £~ , f + )-presentation. 

Special cases of S , 7j( s p,£ _ ,f + )-presentations are the subshifts Xk(?($, £ _ , £ + ) 
with alphabet £ and the identity map as label function. In the case of graph 
inverse semigroups these special cases are the Markov-Dyck shifts [M2 and in the 
case of the graph inverse semigroups of one- vertex graphs these special cases are the 
Dyck shifts |Krlj . Add an extra loop at each vertex p £ *p with label lp to obtain 
subshifts that in the case of graph inverse semigroups are the Markov- Motzkin shifts 
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[KM3] . and in the case of the graph inverse semigroups of one- vertex graphs are 
the Motzkin shifts [II |M2]. 

In section 4 we introduce a Property (B) of subshifts that describes a relationship 
between contexts of admissible words of a subshift. In section 5 we introduce a 
Property (C) of subshifts, that is stronger than Property (B), that in addition 
describes a relationship between the past and future contexts and the context of an 
admissible words of a subshift. One is lead to the formulation of these properties 
by observing the behavior of the Dyck shifts and by abstracting their essential 
dynamical properties. In defining properties (B) and (C) we make reference to a 
presentation of the subshift, and we establish, that all presentations of the subshift 
have the property in question, once a given presentation has the property. 

In section 6 we consider presentations of subshifts, that have the property that 
every symbol of the alphabet has a future, that is compatible with its entire past 
context. Such subshift presentations we call right instantaneous presentations. We 
introduce a property RI of subshifts, and we prove that property RI is a necessary 
and sufficient condition for the subshift to be topologically conjugate to a right 
instantaneous presentation. We consider also presentations of subshifts, that have 
the property that every symbol of the alphabet has a future, that is compatible 
with its entire past context, and also a past that is compatible with its entire 
future context. Such subshift presentations we call bi-instantaneous presentations. 
We introduce a property BI of subshifts, and we prove that property BI is a 
necessary and sufficient condition for the subshift to be topologically conjugate to 
a bi-instantaneous presentation. Sofic systems have bi-instantaneous presentations. 

Under an assumption on the structure of the 7^-graphs Qn{^, £ ~, £ ~) and for 
a subclass of the subshifts with Property BI and Property (A) with associated 
semigroup Snity, £) we show in Section 7 that Property (C) is necessary and 
sufficient for the existence of an Suity, £ ~, £ ~)-presentation. 

Let II > 1 and denote by 5(11) the graph inverse semigroup of the directed graph 
with IT vertices, that has II 2 edges from every vertex to every vertex. In section 8 
we construct a subshift with property (A) and associated semigroup S(Tl) that is 
not topologically conjugate to an iS(II)-presentation. 

In section 9, applying methods of Keller [Kej . we associate to the finite directed 
labeled graph (V, S, A) topological Markov chains and Markov codes, and we derive 
an expression for the zeta function of X(V, £, A) in terms of the zeta functions of 
the topological Markov shifts and the generating functions of the Markov codes. 

In connection with the problem of embedding irreducible subshifts of finite type 
into Dyck shifts the notion of a multiplier was introduced in [HI . A multiplier of the 
Dyck shift Dat, N £ N, or more generally of an Sx> N -presentation is an equivalence 
class of primitive words in the generators a(n),0 < n < N, of the Dyck inverse 
monoid. Here a word is called primitive if it is not the power of another word, and 
two primitive words are equivalent, if one is a cyclic permutation of the other. (In 
combinatorics these entities are called "primitive necklaces", see e.g. |BP[ Section 
4]). For multipliers in the case of graph inverse semigrops see [HIK] . Here the 
notion of a multiplier for the case of a partitioned directed graph suggests itself: A 
multiplier of a partitioned directed graph Gnity, £~ , £~) ( or of a 5r,(*]3, £ ~ i £~Y 
presentation) is an equivalence class of pairs of cycles ((e~) gS z/Qz> ( e ^~)(?ez/Qz)> Q G 
N, where (e~) gg z/Qz is a cycle in £~ and {e.q) q ^z/QZ is a cycle in £ + such that 
s(e~) = i(e+),0 < q < Q, and such that for no proper divisor Q' of Q, e~ — 

e q+Qo' e t ~ e <z+Qo'0 — 1 ^ < 3' an< ^ wncrc two such pairs of cycles are considered 
as equivalent if one pair is obtained from the other pair by cyclically permuting 
the pairs of edges that make up the pair of cycles (compare here the second to last 
paragraph of Section 2 of IHIKj ). 
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2. 7?.-GRAPH SEMIGROUPS 
Let S be a semigroup (with zero). We set 

C-(F) = {GGS :GF^0}, 

C+(F) = {G eS : FG ^0}, FeS. 

We denote by Us the set of idemptents U of S, such that one has for F_ G C-(U) 
that F_f7 = F_ and for F + G C + (U) that UF + = F + . Wc make the assumption: 

(A) For H G S there exist V, W G U s such that UHW ^ 0. 

We set 

s-(co= n c +( Ft/ )' 

FeC_((7) 

$-(V,W) = <S-(F)W\{0}, V 7 WeU s , 
and, symmetrically, we set 

S+(U)= f) C_(tfF), (7gW 5 , 
Fec+(c/) 

S + (V,W) = WS + (V)\{0}, W,VeU s . 

By (A) we can define sub-semigroups (with zero) S~ and S + of S by setting 

5- = |J S-(U),S+= fl C_([/F), (7gW s , 
ueu s Fec + (u) 

We formulate assumptions (AP 1—3) and (AQ 1 — 2) on the semigroup S: 

(API) For U, V G Ife, if f/V ^ 0, then £/ = V. 

(AP2) £Y 5 is a finite set. 

(AP3) C + (V) n C-(VF) ^ 0, V,WeU s . 

(AQ1) 5- (V, 17)5+ (W, 17) c5-(V)^-(W), J7,F,^gW 5 . 

(AQ2)5 = U c/eWs 5+([/)5-(C/). 

We also have conditions (AQ 3 — 6) each of which comes in two parts that are 
symmetric to one another. We only write one part of these conditions. 

(AQ3-) For U, V G U s one has that for F~ G S~(U,V) there exists an F+ G 
S+(V,U) such that 

F-F+ = U. 

(AQ4-) For U, V, W G U s one has that for 

F~ eS-(U,V)\{U},G + eS+(V,W)\{V} 

such that 

F-G+ G S-(U,W), 
there exists an H~ G S~(W, V) \ {W} such that 

F-G+H- = F. 

We say that an element F G S~ \Us is indecomposable in S~ if F = GH, G,H G 
<S~, implies that G or ii is in The indecomposable elements in S + arc definded 
symmetrically. 
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(AQ5— ) S~ has finitely many indecomposable elements. 

(AQ6— ) S~ is generated by its indecomposable elements. 

For an 7^-graph £~ ,£~) we set 

fi + (e _ ) = {e+ e £ + (t,q) : (e",e + ) G ft(q,t)}, e" e £~(q,t), 

0-(e + ) = { e -ef-(q,r):(e-,e + )e7e(q,r)}, e+e£+(t,q), q,te<P, 

and we introduce a Condition (a) on the 7^-graph, that consists of two parts (a — ) 
and (a +), that are symmetric to one another 

(a-) 0+(e") ^ fi + (e~), e~ ,e~ G £~{q,t),e~ ^ e~ , q,te<}3. 

(a+) n-(e+) ^n-(e+), e+, £+ e £+(t, q), e+ ^ e+ q,te«p. 

For the proof of the theorem compare [?] . 

Theorem 2.1. Let the semigroup S be such that the projection of S onto [S] is an 
isomorphism. Then S is an IZ-graph semigroup if and only if S satisfies (AP 1 — 
3) and (AQ 1-6). 

Proof. We prove sufficiency. We use a partitioned graph with vertex set Us, and 
edge sets 

£-= |J S-(V,W), £+ = |J S+(V,W), 
v,weu s v,weii s 
with the set of indecomposable elements in S~ (V, W) as the set £~ (V, W), and the 
set of indecomposable elements in S + (V, W) as the set £ + (V, W), V,W EUs- 

Let U, W e Us, and let E~ e S~(V, W) be indecomposable in S~ . By (AQ3-) 
there exists there exists an E + E S + (V, W) such that 

(1) E-E+ = V. 

We prove that E + is indecomposable. Assume the contrary, and let U &Us and 
F+eS+(U,W), G+eS+(V,U), 

be such that 

(2) E+ = F+G+, G + ± V. 
By (AQ2) then either 

E-F+ eS~(V)\{V}, 
in which case there would exist by (AQ5) an F~ E S~(U, W) \ {U}, such that 

E~ = E'F+F-, 
contradicting the indecomposability of E~ , or 

E-F+ e S + (W), 

in which case 

E-F+G+ ES+(V)\{V}, 

contradicting (1) and (2). The symmetric argument shows also for U,W G Us, 
and for an E + e S + (U,W), that is indecomposable in S + , that there exists an 
E~ 6 S + {U, W), that is is indecomposable in S~ , such that 

E-E+ = U. 

It follows that the partitioned graph (Us,£~ ,£ + ) is strongly connected. 
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We define relations TZ(V, W) C £~ (V, W) x £+(V, W) by 
K(V,W) = {(E~,E+) e £~{V,W) x £+(V,W) : E~E+ ^ 0}, V, W G U s , 
and set 

K= (J H(V,W). 
v,weii s 

By (API) and (AQ4) one has 

V, )fU = W,E-~n(U,V)E + , 
E-E+ = iO, if U = W,E~ ^n(U,V) E+, 

E~ G £~(U, V),E+ G £~(W,V), U,V,WeU s . 

It follows from (AQ2), (AQ5), and (AQ6) that for F G 5 there exist /(-),/(+) G 
Z_|_ and 

U l+ (+)eU s , I+>i+>l, UeU. Ui_{-)eU s , l <*_<!_, 

and, setting 

C/o(+) = C/o(-) = f/, 

also 

e£+(t/ i+ ,t/ i+ _i), /+>i+>l, Ef+pj..!,^), 1 <»_</_, 

such that 

(3) f=( n <m n £ rj- 

/+>i + >i i<i_</_ 

It follows from the assumption that the projection of S onto [S] is an isomorphism, 
that the 7?.-graph Q-r,{Us, £~ , £ + ) satisfies Condition (a), since for E,E G £~(U, V) 
one has that = Q+{E) would imply that [£] = [E], U, V G U S - Applying 

Conditions (a—) and (a+) repeatedly, and keeping in mind that one has for H G 
S,U &Us that [if] = [{/] implies that H = U, one finds that the presentation (3) 
of F is in fact unique. □ 

By a similar argument we characterize the 7?.-graph semigroups S-jiity, £~ , £ + ) 
whose projection onto [S] is an isomorphism. 

Theorem 2.2. The projection of an IZ-graph semigroup Sn^fi, £~ , £ + ) onto 
[S-jiffl, £~ , £ + )] is an isomorphism if and only if the IZ-graph Gn(V , £~ , £ + ) sat- 
isfies Condition (a), and if 

card (£-( V (p),p)) > 1, pe-pW, (d-) 

or, equivalently, if 

card (£+{r]{P),P)) > 1, p£<p (1) . (UfJ 

Proof. For the proof of necessity we note that if for a p G such that 

card {£-( V (P),P)) = l, 

as a consequence of Condition (a) also card (£~(r](P), P)) = 1, and then with 
£+(r,(P),P) = {e+}, £ - (r,(P),P) = {e~}, one has [e+e"] = [l p ]. 

To proof sufficiency one shows that Conditions (a) and (d) imply that elements F 
of S-jii^P, £~, £ + ) that have identical images in [S-jiity, £ ~, £ + )] also have identical 
presentations 

*■=( n <>m n e rj- 

/+>«+>! l<i_</_ 
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By means of Conditions (a—), (a+) and (d— ), this can be reduced to the case 
that 

[lq( II <)M II er_)l q ] = [l q ], 

j+>»+>1 1<»_<I_ 
and in this case it follows also from Conditions (a— ),(a+) and (d— ), (<i+) that 
7+=7_=0,l q = l p . □ 

3. SUBSHIFTS WITH PROPERTY (A) TO WHICH 7?.-GRAPH SEMIGROUPS 

ARE ASSOCIATED 

We introduce terminology and notation for subshifts. Given a subshift IcS z 
we set 

x [i,k] = ( x j)i<j<k, x E X,i,k E Z,i < k, 

and 

X[ it k] = {x[i,k] ■ x G X}, i,k £Z,i <k. 
We use similar notation also for blocks, 

b[i',k'\ = {bj)i<<j<k', b G -X"[i,fc], i <i' < k' < k, 
and also if indices range in semi-infinite intervals. The symbol that denotes a block 
is also used to denote the word that is carried by the block. We identify the elements 
of ^(-00,0) with the left-infinite words that they carry, and we identify the elements 
of ^(o,oo) with the right-infinite words that they carry. For the higher block system 
of a subshift X C S z we use the notation 

x ([m,n]) = (x [i+mii+n] )i & , xeX, 
X<K™]> = [ x ([™ri) :xe x}, m,neZ,m<n. 

We set 

T(a) = {(x~,x + ) G X(_ OO)0 ) x X ( o i00 ) : {x~,a,x + ) G X}, 

r+(a) = {bex (k 

,k+n] '■ ( a ,b) G n EN, 

r+ (a) = {y + e x {ki0o) ■. (a, y +) g x [j>oo) }, 

r+(a) = T+ (a) U U r+(a), a £ , i, fc G Z, i < fc. 

riGN 

r~ has the time symmetric meaning. We set 

w n( a ) = f] i bE X (k,k+n] ■ (X~,d,b) E -X'(_ 00)fc+n ]}, 
a:-er„(a) 

w£(a) = fl ^ + eX (fe,oo) : (x~,a,y+) eX}, 
w + (a) = w+(a) U [J w+(a), a G X [a] ,i,/c £ Z,i < k. 

riGN 

w~ has the time symmetric meaning. 

We recall that, given subshifts X C £ Z ,X C S z , and a topological conjugacy 
ip : X — > X, there is for some L G Z + a block mapping 

such that 

f( x ) = {^(x[i-L,i+L]))iez- 
We say then that ip is given by and we write 

$(a) = ($(ay- L , j+L ])) i+L <j<k-L, »£%t], G Z,k-i > 2L, 
and use similar notation if indices range in semi-infinite intervals. 
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For a subshift IcE set 

= f]{x G X : Xl G w+(a; [i _ n , i ))}, n G N, 

and 

4-(I)=[JW 
Define A+(X), neN, and symmetrically and set 

A n (i) = A„-(i)ni+(i), «eN, 

and 

A(X) = |J A„(X). 

nSN 

Denote the set of periodic points in A(X) by P(A(X)). We write for g, r G 
P(A(X)),q >: r, if there exists a point in A(X) that is left asymptotic to the orbit 
of q and right asymptotic to the orbit of r. The equivalence relation that results 
from the preorder relation >: we write « and we denote the order relation that 
results from « also by K We denote the set of ^-equivalence classes by ty(X). 
The order structure is invariantly associated to X |Kr2j . 

We write a condition (DPO) on a subshift X C S z , that is invariant under 
topological conjugacy |Kr2] : 

(DPO) P{A{X)) is dense in X. 

The order structure being invariantly associated to X, the following 

conditions (DPI) and (DP2) are invariant under topological conjugacy. Condition 
(DPI) is the translation of Conditon (API) and Condition (DP2) is the translation 
of Conditon (AP2): 

(DPI) «P(X) is a finite set. 

(DP2) For q,r e P(A(X), if q h r then qwr. 

We introduce a Condition (DQ1) and a Condition (DQ2). Condition (DQ1) 
is the translation of Condition (AQ1) and Condition (DQ2) is the translation of 
Condition (AQ2): 

(DQ1) For p G P{A(X)), there exists an H G N, such that, if 
y G A~(X) n Y(X), t/(_H,oo) =P(-ff,oo), 

Z G A + (X) n Y{X), ^-oo.ff]) =P(-oo,H}), 

and 

— oo, o] > 2 (o 

then 

(i/(-oo,o],«(o,oo)) e^fflu#(i). 

(DQ2) Given <?, r G P(A(X)), there exists an H G N, such that the following holds: 
For x £ X and K > H, such that 

a!(-ao,-K] =9(-oo,0]) ^(if,oo) =»'(0,oo), 

and for M G N, there exist p G P(A(X)), I, J > M, and 

y e A+(X)r)Y(X), zGA-(X)f)Y(X), 

such that 

y(-oo,-/] = ?(-oo,0]) V(M,oo) =P(Af,oo); 
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z (-oo,M] — P(-oo,M]> z (J,oo) — r (0,oo), 

and such that 

^{X(-K-M,K+M]) = ^{(V(-I-H,0], Z(0,J+H]))- 

Next we introduce a Condition (DQ3) and a Condition (DQ4). Condition (DQ3) 
comprises two conditions that we name (DQ3— ) and (DQ3+), and that are sym- 
metric to one another. Also Condition (DQ4) comprises two conditions that we 
name (DQ4— ) and (DQ4+), and that are symmetric to one another. We write only 
Condition (DQ3— ) and Condition (DQ4— ). Condition (DQ3— ) is the translation of 
Condition (AQ3— ) and Condition (DQ4— ) is the translation of Condition (AQ4— ): 

(DQ3-) For p £ P(A(X)) and 

x e A~(x)nY(x), :c(o )00 ) =P(o,<x>)) 

and for M £ N there exists a y £ A + (X) f)Y(X), that is right asymptotic to the 
orbit of the periodic point to which x is left asymptotic, such that 

V(-oo,M] = P(-oo,M]i 

and such that 

(tt(-oo,0],2/(0.oo)) G A(X). 

(DQ4-) For q,r £ P{A(X)) there exist an H £ N such that for K > H and for 
x £ A~(X),y £ A+(X) such that 

• T (0,oo) = 9(0, oo) j U(-oo,K] = 9(-oo,if]j 
— cx>,J£T] ? 9(0, oo) 

there exist zei" (X) and I,j£N,K<I<J, such that 

z (-ooJ+A"] = r (-oo,i+if]j z (J,co) = 9(0, oo) I 
(Z(-oo,K],y(K,I],Z(I,oo)) G -4~(A), 

and 

T + (a;(-oo,/f]) = r + (x(_ 00 ^j, V(k,j+k], Z(i,j+k])- 

We call a point y G A + (X) indecomposable, if there is an H £ N, such that, 
with p the point in P(A(X)) to which y is right asymptotic, the following holds for 
K > H: For I £ Z such that 

x (I,oo) = P(J,oo)i 



and for 
such that 
if 

then 



y£Y(X), JeZ, 

V(-oo, J+K] = P(-oo,J+K], 

(#(-<»,/] i2/(J,oo)>) G A, 



(«(-oo,/],y(,7,co), G ^ + (A). 

With this notion of indecomposable point we translate Condition (AQ5-) into 
a Condition (DQ5-), that together with its symmetric counter part (DQ5+) is 
Condition (DQ5): 

(DQ5 ) For q, r £ P(A(X j) there exist H, M £ N such that for an indecomposable 
point x £ A+(X) n Y(X) and for I-,I+ £ Z, J_ < J + , such that 

^(-oo,/-] = 9-oo,0]i ^(J+.oo) = r (0,oo); 
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there exists an indecomposable pont y G A + (X) n Y(X) and J-,J+ G Z, J_ < J+, 
such that 

J+ - J- < M, 

and 

^ + {X(I_.HJ+ + H]) = r + (y ( j_.H,, 7+ + ff ]). 

We have a Condition (DQ6) that also consists of two parts (DQ6— ) and (DQ6+), 
that are symmetric to one another: 

(DQ6-) If x~ G X(_ 00)0 ] and I k G N, I k > I k , k G N, such that 

aQ* i ^i{x^_ Ikfi] ), k G N, 
then for y7_ ^ „ G -X^-oo,,/]! JgN, such that 

^(-oo,0] = X (-oo,Q]' 

there is a fc such that 

yi/ fc i w r(j/(i/ fc)0 ])> fc > fc o. 

Condition (DQ6— ) appeared in connection with the Cantor horizon of the Dyck 
shift KM2 . Inspection shows that conditions (DQ1— ) and (DQ2— ), and there- 
fore also conditions (DQ1+) and (DQ2+), are invariant under topological con- 
jugacy. Also, a topological comjugacy maps indecomposable points to indecom- 
posable points. As a consequence, Condition (DQ5— ), and therefore also Condi- 
tion (DQ5+), is invariant under topological conjuagacy. We prove that Condition 
(DQ6— ) is invariant under topological conjugacy. 

Proposition 3.1. Let X C Tj Z .X C S z , be subshifts an let <p : X — > X be a 
topological conjugacy. Let X satisfy Condition (DQ6-). Then X also satisfies 
Condition (DQ6-). 

Proof, let L G Z + be such that [-L, L] is a coding window for (p and i/?" 1 , and let 
(f^ 1 be given by the block map $ : Xr_z,.£i — > £. 
Let x~ G ^(-oo,o] i an d let I k G N, 

4+i > I k , k G N, 

be such that 

%-i h £ w r(£(iz fcl0 ])> fc e N - 

Then for 

X - = $(:z~), 

and for k G N such that I). > 2L there exists an i G Z, 

h-L<i<I k + L, 



such that 

Let 
such that 
and set 



^ £ W l (*(*,-£])■ 

JgN, fel^ji, 
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Also let Mel From Condition (DQ6-) for A it follows that there is an I G N, 

(1) I>M + L, 
such that 

yZi i uT(V(-i,j- L ])- 

This implies that 

V(-I-LJ+L} i U2L+l{y(_j_ L ,j). 

It follows that there exists an I G Z, 

(2) -I-L<I< -I + L, 
such that 

By (1), (2) and (3) Condition (DQ6-) is satisfied by A. □ 

We recall from [?] the definition of property (A). For n G N a subshift X C S z 
such that ^4i(Y) 7^ 0, has property (a, n, i7), iJ G N, if for h,h> 3H and for 

a g A„(x) [l 7i] , 

such that 

ffl[l,JJ] = a [l,H], a(h-H,h] = a (h-H,h]' 

one has that a and a have the same context. A subshift IcS z has Property (A) 
if there are 77 n , n G N, such that A has the properties (a, n, 7f n ), n G N. 

We also recall the construction of the associated semigroup. For a property (A) 
subshift X C S z we denote by Yx the set of points in X that are left asymptotic to 
a point in P(A(X)) and also right-asymptotic to a point in P(A(X)). Let y,y eYx, 
let y be left asymptotic to q G P(A(A)) and right asymptotic to r e P(A(A)), and 
let y be left asymptotic to q G P(A(A)) and right asymptotic to f G ^(^(A)). 
Given that A has the properties (a, n, H n ),n G N, we say that y and y are equiva- 
lent, y ~ y, ii q ~ q and r « f, and if for n e N such that <?, r, f G A„(Y) and for 
7, J, 7, J G Z, 7 < J, 7 < J, such that 

2/(-oo,7] = 9(-oo,0], V(J,oo) = »~(0,oo), 
^(-oo,7] = <7(-oo,0], j/(i,oo) = r (0,oo), 

one has for h > 3H n and for 

a G Y {I _ htJ+h] , h G Y" ( j_ h) j +h] , 

such that 

a (7-77„,J+77„] = U(I-H n ,J+H n ], a (7-77„,J+77„] = y(I-H n ,J+H n ]' 

a(i-h,i-h+H n ) = a {i _ h j_ h+Hn y 
a(j+h-H n ,j+h] = a (j+h-H n ,j+hY 

and such that 

a (i-h,i] S A n (X)(j_ h j}, a ( j_ ft j] G A n (X)(j_ h jj , 

G J 4„(A) ( j ! j +ft] , G A„(A) ( j j + ^, 

that a and 5 have the same context. To give [Yx];« the structure of a semigroup 
S(X), that is invariantly associated to A, let u,v E Yx, let u be right asymptotic 
to 5 £ P(A(X)) and let v be left asymptotic to r G P(A(A)). If here q >- r , 
then is set equal to [y]~ where y is any point in Y such that there are 

n € N, 7, J, 7, J G Z, 7 < J, 7 < J, such that q,r E A n (X), and such that 

w (7,oo) = 9(7, 00), w (-oo,J] = r (-oo,J], 
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V(-oo,I+H n ] - u (-oc,I+H n ], V(J-H n ,oo) - v (J-H n ,oo), 

and 

V(iJ] G 

provided that such a point y exists. If such a point y does not exist, [it^Ha; is set 
equal to zero. Also, in the case that q)f- r, is set equal to zero. 

For a subshift with Property (A) Conditions (API), (AP2), (AQ1), (AQ 2) 
and (AQ4) are equivalent to their translations. We prove that for a subshift with 
Property (A) Condition (DQ4) and Condition (DQ6) together imply Condition 
(AQ6). ' 

Proposition 3.2. Let the subshift X have property (A) and let Condition (DQ4) 
and Condition (DQ6) be satisfied by X. Then S{X) satisfies Condition (AQ6). 

Proof. If S{X) does not satisfiy Condition (AQ6) then there exist Hq £ S~{X) 
and 

H-,G-eS~(X), m£N, 

such that 

H m = H m _ x G m , to e N, 
or there exist Ho £ S~ (X) and 

H-,G-£S~(X), m£N, 

such that 

H-=G~H-_ 1 , to£N. 
Assume the first case. Let U &Us and U m £Us,m £ Z + , be given by 

UH U Q ? 0, 
H m G m U m - X ^ 0, to £ N, 

and let 

G+ £ S+(X)(U m , U m - X ), G+ £ S+{X){U m - U U m ), 

be such that 

G m Gm = U m , G m G^ n = 0, m £ N. 
Also let p £ P(A(X)) and p^ £ P(A(X)), m £ N, be such that 

IpU = u, 
\p {m) U = u m , m£Z+ 

With an appropriately choosen h , let x~ £ I^^^] and J~ £ N, Jq = 0, 



such that 



and 



such that 



(m) 

[(P(_L,/ lo ]> X (-./ r ;+h-J m _iO,]:.P(0,oc )1~ = G m; m G 



X (-./-,-./-+ft ] P (0,fto 



a (M) £ A (0 i ;+], M £ N, 



a {J+,J++h a ] ~ P(0,h o ]' 1 - m - iw ' 



r, (m-1) (M) (m) v, 

r, (M-1) (M) (M) _£+ 



1 < TO < M, 
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Then 



(x; r _ m ,aM) e X,_j- J+] , (xT f _ n ,,a (M) ) i X,_j- J+] . 

( — J M ,0J V J M' J Ml ( — J M+1 ,0\ (. J M+l' J Ml 



It follows that there is an i G Z, — Jm < i < —Jm-i, such that ^ (a;( i0 ])- 
However, with J e N, 6 € Xmn, such that 

&(0>>»°] = P(0,h o ], 
[(P(-oo.fc.]' 6 (fc..J]'P(0,oo)]~ = 



one has 

and therefore 



(a; - , 6) e X(_ 00:J] , 



contradicting condition (QA— ). 

The second case reduces by Condition (DQ4+) to the first case. □ 

Corollary 3.3. A subshift with property (A) that satisfies conditions (DPI— 2) and 
(DQ1—6) has as its associated semigroup an TZ-graph semigroup. 

Proof. Apply Theorem (2.1) and Proposition (3.2), taking into account that con- 
ditions (DPI) and (DP2) are the translations of conditions (API) and (AP2) and 
that conditions (DQ3), (DQ4) and (D5) are the translations of conditions (AQ3), 
(AQ4) and (AQ5). □ 

4. Property (B) 

We say that a subshift IcS z has property (B) with respect to the parameter 
M e N if the following holds: For J_, I + , J_, J+ eZ such that 

7+ - I_,J+ - J_ > M, 

and 

a e X (i- ,/+] ' b e X (J-,J+] > 

such that 

a (I-,I-+M] = b(J_,J_ + M], a (I + -M,I + ] = b(.j + -M,J + ], 

and ReN and 

x~ e uj~(a) r\uj~(b), i + ew + (a)nw + (6), 

such that 

r ( a; (/_-flJ_]' a ' X (/ + J + +_R]) = r ( x (J_-fl,J_]' b > X t.J+J++R]^ 

one has that 

i» = r(6). 

We say that a subshift IcS z has property (B) if it has property (B) with respect 
to some parameter. 

Theorem 4.1. Property (B) is an invariant of topological conjugacy. 

Proof. If a subshift X C S z has Property _B with respect to some parameter, 
then its higher block systems also have Property B. To prove the proposition 
it is therefore enough to consider the situation that one is given subshifts X C 
£ Z ,A C £ z and a topological conjugacy ip : X — > A that is given by a 1-block 
map $ : S — > S with </? _1 given for some L e Z + by a bock map : A[_ L]L ] — » S, 
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where X has Property (B) with respect to the parameter M, and to prove that the 
subshift X has also Property (B). We set 

M = M + 2L, 

and wc prove that X has Property (B) with respect to the parameter M. For this 
let I-,I+, J-,J+ G Z, 

I+-I-,J+-J- >M, 

and let 

a G >J+ ] , b G X( j_ ; J+ ] , 

be such that 

"(I-,/- +M] = fe ,7_,.7_ + M]' a (/+-M,/+] = fe (.7 + -M,.7 + ]' 

and let _R G N and 

(2) rew _ (a)n^(6), S + ew + (a)nw + (6), 

be such that 

( 3 ) fl ' :E (/ + ,/ + + 7?]) = r ( X (J_-fl,J_]' ^ ^(J + -,J++fl])- 

We have to prove that 

(4) r(o) = r(6). 

We let 

a G ^(/_+L,/ + -L]i & € ^(J_+L,J + -L], 

be given by 

a = $(a), 6 = $(&). 

By (2) 

(5) a(/_ +i j_ +L+M ] = +£,./_ +£+M]i a (/ + -L-M,/ + -L] = b(J_-L-M,J + -L}- 

We set also 

X~ = £(/_,/_ +21,]), X + = $(S(/ + -2L,/+],^ + )- 

It follows from (1) and (2) that 

(6) x~ e bj~{a) n tj~{b), i + ew + (a)nw + (6). 

It is 

^( X (I--R-L,I-+L]> fl ' X {I + -L,I + +B,+ L\) = 

{($(«"),$(«+) : (u-,5+) G r(^ J __ i j j/ _ ] ,S,^ /+i/++i j ] )} 

with a similar expression for T{x^ IJ _ R _ L 7 +L y b, x^ J+ _ L j ++ r + l])> ano - ^ * s seen 
that (3) implies that 

(7) r ( 2; (/_-7?-L,/_ + L]' a ' a; (/ + -L,/ + +K+L]) = 

^( X (J--R-LJ-+L]>b, 2; (J + -L,,7 + + fl+L])- 

By (5), (6) and (7) we can apply Property (B) of X to obtain 

(8) r(o) = r(6). 

It is 

(4.2) r(o) = {(*(^_ 00 , / _ ] ),$(4 +i0o) )) : (^,« + ) G r(o), 

+L]'*( u a + ,/ + + L]) =0(I + ,I++L]} 

with a similar expression for T(b), from which it is seen that (8) implies (4). □ 
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Lemma 4.3. Let X C S z , X C £ z , be subshifts, and let : X — > X be a topological 
conjugacy that is given by a 1-block map $ : E — > £ with ip^ 1 given for some 
L G Z + by a bock map $ : Xr_ LtL i — > S. Let X /iai)e property (B) with respect to 
the parameter L. Let 7_, 7 + , </_, 7+ G Z &e swc/i i/iai 

7+ - 7_, J+ - J_ > 7, 



and /e£ 

6e swc/i t/iat 



and /e£ 

(2) G cj~(a) nw"(6), x+ G cj+(5) nw + (6), 

Set 

T/ien 

(1) r(a) = r(6), 

implies 

(2) r(a) - r(6). 

Proof. It is 

r(^ ( /_-L,/_],a,2 : f 7+!/++L] )) = 

{( $ (Voo,/-L])' $ (4 + +^oo))) : £ *»> 

*("(/_- = -l,j_]> *( u <j + ,j++l]) = ^(W+W' 
and replacing here in the right hand side a by 6 yields the corresponding expression 
for r(57 / _ L j 7 +£ i). From this it is seen that (1) implies 

r( X (/_-L,/_]' a ' X (7 + ,/ + +L])) = r( x (/_-L,/_]> &: x (7 + 

which then by Property (B) of X implies (2). □ 

5. Property (C) 

We say that a subshift X C S z has property (c) with respect to the parameter 

(P,(0„Wz + )eZ + xZ z + + , 

where 

P + Q n >n, Q n +i>Q n , neZ +: 
if the following holds: For n G Z + and 7_, 7 + , J_, 7+ G Z + , 

7+-7_,J+- J_ >P + Q„, 

and for 

a £ -^(7_ ,7+] j b € X( j_ ; J+ ] , 

such that 

^(a)n^(i))^, w + («)nw + (i))/J, 

and such that 

0(7_,7_ + P+Q„] = b(J_,J_+P+Q„]) 

r _ (a) g r _ (6 ( ,7_ !j+ _„]), r _ (6) c r~(a ( 7_ !/+ _„]), 

and 

0(7 + -P-Q„,7 + ] = b(J + -P-Q n ,J + ] ! 
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r+(a) c T+(b (J _ +nJ+] ), T+(b) C T+(a {I _ +nJ+] ), 

one has that 

r(o) = r(b). 

We say that a subshift X C S z has Property (c) if it has Property (c) with 
respect to some parameter. 

We say that a subshift X C S z has Property (C) if it has Property (B) and 
Property (c). 

Proposition 5.1. Property (C) is cm invariant of topological conjugacy. 

Proof. By Proposition 5.3 Property (B) is an invariant of topological conjugacy. 
Also, if a subshift X C S z has Property (c) , then its higher block systems also 
have Property (c). To prove the proposition it is therefore enough to consider the 
situation that one is given subshifts IcS z ,XcS z and a topological conjugacy 
(p : X — > X that is given by a 1-block map $ : £ — > £ with t^" 1 given for some 
L G Z + by a bock map $ : X^i^j — » S, where X has Property (£>) and has 
Property (c) with respect to the parameter (P, (Q n )n£Z + ), and to prove that the 
subshift IcS z has Property (c). We set 

P = P + L, 

and 

Qn = Qn+L, n G Z_|_. 

We prove that X has Property (c) with respect to the parameter (P, (Q n )nez + )- 
For this, let n G Z+, and I_, 7 + , J_, J + G Z+, be such that 

I+-I-,J+-J- >P+Qn, 

and let 

a€X( J _ i /_], &gX( 7 _ iJ+ ], 

be such that 

(1) oj-(a) Dcj-(b) ± 0, w + (a) nu;+(&) / 0, 
and such that 

( 2 ) "(/_,/_ +P+Q n ] = b (J-,J-+P+Q n ]' 

(3) r-(o) g r-(b (J _ tJ+ - n] ), r-(6) c r-(o (J _ iJ+ _ n] ), 

and 

a (J+-P-Q„,/+] = 5 (.7 + -P-Q„,J+]' 

r+(o) c r+ (6 (J _ +„, J+] ), r+(6) c r+(s (/ _+„ iJ+] ). 

We have to prove that 

(4) r(5)=r(6). 

By (1) we can choose 

x~ G u~(a) n w~(b), x + G w + (a) n 

We set 

a = ^'(^(/__ z , j /_],a,a;(} +j / ++L ]), & = ^( x {j_-l,J-]^' x {j+,j++l])- 
By Lemma 4.4 and by Property (B) of X (4) will follow, once it is shown that 

(5) r(a)=r(&). 

We will show that 

( 6 ) «(/_,/_ +P+Q„] = &(,/_, J_+P+Q n ]i 
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(7) r-(a)cr-(6 (J _, J+ _ n] ), 

(8) r-(6)cr-(o (J _, J+ _ n] ), 

and 

( 9 ) a(i+-P-Q n ,i+) = b(j + -p- Qnt j + ], 

(10) r+(o) C r+(6 (J _ +n , J+] ), 

(11) r+(6) cr+( a(/ _ +n , 7+] ), 



and use Property (c) of X to confirm (5). For (6) observe that by (2) 
(5.2) a {I _j_ +P+Qn] = ®{x~l I __ L j_ ] ,a {I _ I _ + p + Q n] ) = 

®(X(I--L,I-]> b (J + -P-Q n ,J + ]) = b(J_,J_+P+Q n ]. 

To prove (7), let u~ G T~(a). Then 3>(u~) G r~~(a), which by (3) implies that 
G r~ (6r/_ ,/ + -n]), which in turn implies that it~ G r~(^(j_,j + -n])- For (8) 
one has the symmetric argument, and for (9), (10) and (11) again the symmetric 
argument. □ 

6. Instantaneous presentations 

We say that a subshift X C E z is right instantaneous if u)f((r) ^= 0, <J G S, 
equivalntly, if cj^ct) ^ 0, a G E. Left instantaneity is defined time symmetrically. 
This notion of left instantaneity was considered by Matsumoto in [Mil Section 4] . 
We say that a subshift is bi-instantaneous, if it is left and right instantaneous. We 
give an example of a topologically transitive sofic system that is left instantaneous 
but not right instantaneous. This example is a variation of an example that was 
used by Carlsen and Matsumoto in |CM| . Let S = {0, 1, a, (3} and exclude from S z 
the points that contain one of the following words: 10, 11, a0™l/3, /30™la, n 6 N. 
In this way one obtains a left instantaneous sofic system in which the words of the 
form 0™1, n £ N, do not have a future that is compatible with their entire past. 
By a product construction one can obtain examples of this type of topologically 
transitive sofic systems that are neither left nor right instantaneous. 

Theorem 6.1. A sofic system admits a bi-instantaneous presentation. 

Proof. For the construction of a bi-instantaneous presentation of a sofic system 
IcS z set 

V = {T+(x-) : x- £!,_,,„]}, 

and, denoting for an admissible word a of X by V(a) the set of V £ V that contain 
a sequence that starts with o, set 

r a (V) = {y + S X [hoo) : (a, y+) e V(a)}, V e V(o). 

For a point x £ X denote by I + (x) the I £ N that is the minimum of the I 6 N, 
such that there is an i G (1, /] such that 

(1) T (iJ] \ V[i,i] = id, 

and denote by i + {x) e (1,/] the uniqely determined i G (1,/] such that (1) holds 
for / = I+{x). It is 

(2) I+{S x (x)) + l>I + (x), xeX. 
To see this, note that 

V[i.i+(sx)+i] c V( M+( s x ) +1 ] 



ON SUBSHIFT PRESENTATIONS 



19 



and 

Ta; ( l +( S x) + i,/+( S x) + i I" V(i,i+(Sx)+i] =id 

would imply that 

which is impossible by the definition of I + . Denote by z + the point in Xn+r x ),oo) 
that carries the right infinite concatenation of the word x x , , . It follows from 
V r = W . that 

(4) z + £ uj + (x [1j+{x)] ). 

With I~ and J — , z~ defincned time symmetrically one has that 

(5) I-(S x (x))-l<I-(x), xeX, 
and 

(6) z~ e u~(x[i-(x),a))- 
We set 

E(x) = (a;[7-( x ) ]0 ),0,X[ l!/+ ( x )]), a; € X, 

and with denoting a bound for { |/~(a;)|,/ + : x £ X} we define an embedding £ 
of X into x E x Cf,(X)) z by 

Set 

A = S(X), Y = £(X). 
We prove that Y is a bi-instantaneous presentation of X. For this let 

(a(-),a,a(+)) £ A, 

and let x £ X be such that 

E(x) = (a(-),a,a(+)). 

By (2) and (5) 

-(Sx 1 {{x(-oo,i+ (*)], z + (x))) £ uj^(a(-),<T,a(+)), 
which confirms the right instantaneity of Y. The proof that Y is left instantaneous 
is time symmetric and uses (2) and (6). □ 

We give an example of a semi-synchronizing (see [Kr2] ) right-instantaneous non- 
sofic system that is not left instantaneous, but has a left instantaneous presentation. 
For this, take as alphabet the set 

S = {l,a A ,ap,^A,/3p,7A,7p}, 
and view E as a generating set of 2?3 with relations 

ol\ol p = /3x/3 p = 7a7P = 1, a\/3 p = (3 x a P = "a7p = lx a P = PxJp = 1\P P = 0. 

The Motzkin shift M (in this caseMs) is defined as the subshift in E z contains all 
x £ E z such that 

Y[ ar i ^0,/_,/ + GZ > /_<7+. 

I-<2<I+ 

Intersect M3 with the subshift of finite type that is obtained by excluding from E z 
all points that contain one of the words 7a 7a, aA«A7A, /3a/3a7a to obtain a subshift 
X. There is a topological conjugacy of X onto a subshift X that is given by a 
3-block mapping <!>, 

®{a\fi\l\) = §{fi\a\^\) = 7a 
$(crcrV) = cr', 00" <£ {a A 7A, /?a7a}- 
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Whereas the subshift X is bi-instantaneous, the subshifts X^°' n ^, iieN, are right- 
instantaneous but not left- instantaneous: The words 7a7a1™, n G N, do not have 
a past that is compatible with their entire future context. 
For a subshift X C S z , for I € Z+, and for mappings 

* : X [-L,L] -> ^[1,L+1] 

we formulate a condition 

(RIa): *(o) G r + (x-,a[_ L , ]), aeX KL| ,i"er(a). 

If a mapping : Xy_ L ^ — > ^[i.l+i] satisfies condition (i?7a) then one has for 
a G X_2L,L], that 

( a (-2L,0], *( a [-L,+L])) £ ^(-2L,L + 1]! 

and it is meaningful to impose on ^ a further condition 
(Rib) : ^>((a^2L,o],^(a[-L,+L]))ii-L,i+L]) =*(a [i _ I , ii+I ,]), 

- 2L < i < 0,a G X(-2L,i,+i]- 

We say that a mapping * : X|_ £)i i — >• Xr 1)i+1 i that satisfies condition (i?7a) and 
also satisfies condition (Rib) is an i?/-mapping. 

We say that a subshift with an i?7-mapping has property RI and we say that a 
subshift with property RI has property BI, if its inverse also has an i?i-mapping. 

Theorem 6.2. A subshift X C E z admits a right instantaneous presentation if and 
only if it has property RI. A subshift IcS z admits a bi-instantaneous presentation 
if and only if it has property BI . 

Proof. Consider the situation that there is given a right instantaneous subshift 
X C £ z and a topological conjugacy tp of X onto a subshift IcS z that is given 
by a one-block map $ : S — > E with t^ -1 given for some i G N by a block map 

6 : X y _ LM -> E. 

We choose a mapping that selects for every c? € E an element of X[ 1L+1 ] C\uj + (a) , 
we set 

* = $$$, 

and we show that ^ is an Ii?-mapping for X. To see that <3/ satisfies condition 
(IRa), let a 6 an d let x~ G T~(a). Then one has for 

d = $(a), x~ =$(x~,a [ _ LiL) ), 

that 

x~ G r-(a), 

and that 

(1) = (J,0[_i„o],*(a)), 

and therefore 

*(a) G r + (x-, a[ _ Lfi] ), 

and condition (RIa) is shown. By (1) also 

^((a(-2L,o],^(a[-L,+L]))[i-L,i+L]) = $(a [4 _ Ljl+L] ), 

-2L<j<0,aeX(_ 2W] , 

and this implies that VP satisfies condition (Rib). 

Conversely, let X C E z be a subshift with an 7i?-mapping * : — ► 
X[i,L+i\- By -R/a one obtains an embedding 

(,:X^(C w+1] (X)f. 
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by setting 

£(x) = {{x [i _ LA ,^{x [i _ Lti+L] ))) ieIl . 
£ is given by the block map 

H(a) = (a[_ i)0 ],*(a)), ael w| . 

Set 

A = E(X [ _ LtL] ), Y = £(X). 
To prove that Y is right instantaneous we show for a G A that S(a(_ i £+1 ]) G 
w + (a). For this let y~ G r~(a). Also let x~ G -^(-oo.l+i] be such that 

(y~,a) = H(aT). 

Set 

z ~ = (3("- o,i]»*( a (-£,£+i]))- 

By fl/a 

z S ^(-oo,L+l]) 

and by 

(2/",a,S(a ( _ i;I , +1] )) = E(z~). 

Assume that X is left instantaneous. To prove that Y is a then also left instan- 
taneous we show for a 6 T and (3 G wf^-i,) that S(/3a[_ L L j) e w _ (a). For this 
let y + E r+(a). Also let x + e Xr_ ii00 ) be such that 

(a,jT) = 

One has by Rib that 

Z(px + ) = (Z(p a[ _ L!L) ),a,y+). 
Symmetry considerations complete the proof. □ 

Theorem 6.2 suggests an alternate proof of Proposition 6.1. 

Proposition 6.3. Property RI and Property BI are invariants of topological con- 
jugacy. 

Proof. Apply Theorem 6.2. □ 

The coded system (see[BH]) with code 

C = {0a n (3 n : n G N}, 

is an example of a synchronizing system that admits neither a left instantaneous 
presentation nor a right instantaneous presentation. We give an example of a 
semisynchronizing (see [Kr3] ) non-synchronizing subshift that admits neither a left 
instantaneous presentation nor a right instantaneous presentation. For this, take 
as alphabet the set 

S = {l,ax,a p ,Px,P p }, 
and view E as a generating set of T> 2 with relations 

a x a p = PxPp = 1, a x (3p = (3\a p = 0. 

We let X be the subshift in E z that contains all x G M 2 that are also label sequences 
of bi-infmitc paths on the directed graph that has vertices v, v(+),v(—), four loops 
at v, one with labels a\,a p , f3\, f3 p , a loop at v(-) with label f3\, a loop at v(+) 
with label fi p , an edge from v to v(-) with label ce\, an edge from v(-) to v(+) 
with label 1, and an edge from t>(+) to v with label a p . Adding a loop at vertex 
v(+) that carries the label 1 one obtains a semi-synchronizing non-synchronizing 
right instantaneous subshift that does not admit a left instantaneous presentation. 
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7. Presenting a class of subshifts 

We say that a bi-instantaneous subshift X C S z is strongly bi-instantaneous if 
the following holds: 

For 7V G N and a( _ \ a<+) G C(X) there exist JVeN and 

C (-> € w + (a ( - } ), c<+)ew-(aW), 

together with a c £ r+(a(-)c( - )) n r-(c( + )a<+)), such that 

7V < £(c (_) ),^(c (+) ) < N, 

and such that the word a^c^c c^a^ occurs in a point of An(X). 

We say that a subshift with Property BI has the strong Property BI, if it has 
a strongly bi-instantaneous presentation. 

Proposition 7.1. TTie strong (BI) property is an invariant of topological conju- 
gacy. 

Proof. To prove the proposition it is enough to consider the situation that one is 
given a bi-instantaneous subshift X C S z and a strongly bi-instantaneous subshift 
IcS z , and a topological conjugacy tp : X X that is given by a one-block map 
$ : £ — >■ £ with given for some I e N by a block map $ : — > an d 
to prove that X is also strongly bi-instantaneous. 
For this let G C(X) and choose 

G Tl(a^), S +) G r+(a (+ )), G w£ (#->), 9+) G ^(aW), 

and set 

a (-) = $(«(-)), a<+> = 

and 

d<-> - = = &(+= = $(#+)). 

Set 

7V = max(2L, N ). 
Because of the strong bi-instantaneity of X there is an N G N and 

c<"> G w+(d<->a<-> 6(-)), c<+> G w-(6(+)oWdW), 
together with a c G r+(a(-)c( - )) n r-(c< + 'a<+>), such that 

No < <(c ( -'),f(c (+) ) < AT, 

and such that the word d^a^b^c^c c^b^a^d^ occurs in a point of 
A N (X). 

We determine words c^~),c,c^ + ' by the conditions 

- *(c<->), £(c< + )) = ^((c (+) ), 

and 

$(d(-)a(-)fe(-) c (-) c cH&(+) a (+)rf(+))=a(-)c(-)cc(+»6( + )a(+'. 
We prove that 

(1) c { - ) G w+(a ( - ) ). 

For this let 

«)<->er- (#->), 

and set 

= $(«;(")). 

We have 
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and therefore also 

w (-) a Hj(-) c (-) e c{X), 

which means that 

#->3<->2<-> = S^HflHjHct-)) e £(x), 
and (1) is proved. A symmetric argument yields that also 

(2) e w~(a (+) ). 

If the word occurs in a point x £ X then the 

word 

= $(d(-) (-)i,(-) c (-) c c (+)6(+) a (+)d(+)) 
occurs in the point x = <£ _1 (:c) € X. It is 

(3) ip^(A N (X)) cA N (X). 

By (1), (2) and (3) the strong bi-instantaneity of X will be shown. To recall the 
proof of (3) let 

(4) u e A w pO, 
let i £ Z, set u — ip (u), and let 

y~ e r _ (u [vi+JV) ), g r + (w [M+Ar) ), 

and have then 

= G r-(u [ifi+W )), y+ = G r+(% >i+JV) ). 

By (4) then 

(Z/~,U[i,i+jV),y + ) G X, 

and one checks that 

We note that we have also proved that for every bi-instantaneous presentation 
X C S z of a subshift with the strong BI property there is an n Q such that the 
presentations X^ n \n > n Q , are strongly bi-instantaneous. 

Inspection shows that for an 7?.-graph Q-ji(y},£~ ,£ + ), such that for r G with 
only one predecessor vertex q 6 £~ , equivalent ly, with only one successor vertex 
q G £ + , one has that for e~ e £ ~(q, r) there is an e + 6 £+(q, t), such that (e~, e+) ^ 
7£(q,t), and also for e + 6 £ + (q,t) there is an e~ G £ _ (q,t), such that (e~,e + ) ^ 
7^(q, r), that an Snffi, £ ~, £ + )-presentation X(V, £, A) has Property (A), and that 

5(X(V,S, A)) = Sn(% £-,£+). 

(Compare the case of the graph inverse semigroups of finite directed graphs, in 
which every vertex has at least two incoming vertices, that was considered in HIK .) 
We adopt now this hypotheses on the structure of the 7£-graph S-r^, £ _ , £ + ) in 
order to ensure that a subshift with Property (A) exists, to which the 7?.-graph 
semigroup S-jiffi, £ ~, £ + ) is associated. 

Theorem 7.2. For an IZ-graph Qnffi, £~ , £ + ), such that for r G with only one 
predecessor vertex q G £~ 

£+(q,t) \ {e+ G £+(q,t) : (e", e+) ft(q, t)} ^ 0, e~ G £-(q,t), 

and 

f-(q,t)\{e- ef-(q.t) : (e", e+) £ ft(q, r)} ± 0, e+ G £+(q,t), 
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a subshift X with Property (A), to which there is associated the IZ-graph semigroup 
Sn(^P,£~ ,£ + ), is topologically conjugate to an S-jz{^,£^ ,£ + ) -presentation if and 
only if X has Property (C) and the strong BI property. 

Proof. The hypothesis on (Q-jz^i,£~ ,£ + ) implies that an Su(^P, £ ~, £ + ) presenta- 
tion has property (C) and is strongly bi-instantaneous. 

For the proof of the converse consider a subshift IcT z with Property (A) and 
associated semigroup S-jiffi, £ ~ , £ + ), that has Property (C), and that is strongly bi- 
instantaneous. Also assume that X has Property (c) with respect to the parameter 
(i 5 ,(<9n)nez+)- Let 

k Q >P + Qo, 

be such that every element of ty(X) has a representative in A}- (X). By Lemma 
uj-(a) r\LO + (a) ^ 0, aeC(X). 

and by Property (c) 

(1) r(a) =T(aca), c e w~ (a) (1 w + (a),a G C k {X),k > k Q . 

This allows to assign to a word a G Ck(X),k > k a «-class p(a) G ^(X) that 
contains the points that carry the bi-infinite concatenation of the word ac, where 
c G uj~ (a) Piuj + (a), since, as a consequence of (1), the class of these points does not 
depend on the choice of the word c. 

For a word a G Ck a +i(X) U Ck a +2(X) we denote by a^ - -* the prefix of a that is 
obtained by removing the last symbol, and by a' + - ) the suffix of a that is obtained 
by removing the first symbol. For a G £k a +i{X), let 

c<-> G ur(a(->) n w+(a(->), cW G a;-(a( + >) n w + (a< + >), 

and denote by y[c(~), a, c( + )] the point y G VpO, where y[i j fe +i] = a, and where 
J/(-oo,o] carries the left infinite concatenation of the word a^~^c^ - ^ and 2/((fc +i,oo) 
carries the right infinite concatenation of the word c^a^. 

Let X) denote an isomorphism of S(X) onto S-jiity, £~ , £ + ) . By (1) the image 
of the pont y[c^\a, c' + '] under 77 does not depend on the choice of c^ and c^ + \ 
As a consequence one obtains well defined mappings 

/ (_) : £fco+i -> Src(q3, £-,£+), /(+) : C ko+1 -> 5 TC (q3, 
by setting 

T?(i/[c(-),a,c( + )]) = /W(a)/(")(a), a G £ feo+ i(X). 
^(fe„+2) has the 5^(^,5-, £+).p re sentation (V, E, A), where 
V = £ feo+1 (A), E = £ feo+2 (A). 

and 

s(a) = a ( - ) , t(a)=a (+) , 

(1) A(a) = /(->(a(->)/( + >(a( + >), aG£ feo+2 (X). 
We set 

(2) V( V ) = {aeC ko+1 (X):p(a)=p}, p G qj. 

By (1) and (2) onw has (Gl), (G2) and (G3) satisfied. That (G4) is satisfied is a 
consequence of the assumption that every vertex in ^3 has at least two incoming 
edges in £ ~. The irreducibility of (V, E, A) and (G5) follow from the surjectivity of 

7]. □ 
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8. An example 

Let II > 1. With the alphabet 

S(n) = Z/ITZU { 7 -(<5-,/3-), 7 + (<5+,/3+) : 5_ , /3_ , 5+ , /3+ e Z/ITZ} 

we construct a subshift A (II) C S z that has property (A) with associated semigroup 
5(11) and that is not topologically conjagate to an <S(LT)-presentation. We set 

»7(7-(<f-,0-)) - -l,»?(r) - 0,77(7 + (/3+,<5+)) = 1, <J_ , (3_ , r, /3+ , 8+ G Z/IIZ, 

To obtain A (II) we exclude from S(LT) Z the words 

tt', r,T'ez/nz. 

We exclude the words 

twt', t,t' G Z/nZ,r 7^ r', 
where to = (<7»)i<»<i G S(II)t 1 ' 7 ],/ > 1,7 G N, is a word such that 

(7! G { 7 + (5+,/3+) : <S+, /3+ G Z/nZ}, a/ G { 7 +(<5+, 0+) : «J+, /3+ G Z/nZ}, 

and 

E ^) = o. 

1<»<J 

We also exclude the words of length three in the symbols 

7" (<*-,£-), 5-,0- GZ/nZ, 
as well as the words of length three in the symbols 

7 + (<5+,/3+), 5+,0+ GZ/nZ, 

and the words 

7 -(<J_,0_)t7~(*-,#-), 5-,P-,t,5'_,P_€Z/TXL, 
as well as the words 

7 + (<5V,/3;)t 7 +(<5 + ,/3 + ), 5;,^ + ,r,5+,/3 + G Z/LTZ, 
We also exclude the words 

7-(<5-,/3_)7 + (<5+,/3+),7 + ('5 + ,/3 + )7"('5-,/3-), <*-, /?-, S+, (3+ G Z/nZ, 
and exclude the words 

7 -(Jl, j 9_) 7 -(5_,0_)T 

Also we exclude the words 

7 -(5_,^_)r 7 +(^ + ,/3 + ), 6-,P-,t,6 + ,/3+ GZ/nZ, 

where 

and the words 

7" , P- h~ (S- , PL )r 7 + , 5+ ) 7 + (/?+ , 5; ) , 

S'_,I3-,5-,I3L,t,I3' + ,5 + ,I3 + ,5 , + ez/nz, 

where 

P--P+=t, P--P+^5--5 + . 

Denote for <5_,/3i. G Z/nZ, by the set of words (o^i^/ G ^(n)! 1 ' 7 ], 

I > 1, 7 G N, such that 

<7 1 = 7 -(S-X), J! ^)= ' 
l<t<I 
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and denote for /3' + ,6+ G Z/UZ, by W {+) (f3' + , S+) the set of words {a l ) 1 < i < 1 G 
S(n)[ 1 ^ / ],/> 1,/eN, such that 

*?fa)=0, a J = 7 + (/M+)- 

l<i<J 

We exclude the words 

7-(5_,0_)u;(-W + V(,/0+,*+)> u/") G W'-'fL.^),^' G W (+) (/3;, S+), 

5-,p-,S-,p'_,T,p' + ,6 + ,p' + ,5 + £Z/TlZ, 

where 

5- - 5+ ± r, 

or where 

5--5+=t, /3_-/3+^r. 

Theorem 8.1. TTie subshift X(H) has Property (A) with associated semigroup 
S(U). 

Proof. Let «eN,L,/ + eZ, 

/+-/_> 2(n+l), 

and let 

(i) a g x(n) (J _ iJ+] g M„(x(n)). 

We set 

~ ~ + i-<i<J- 

noting, that also 

/i(a) = ; max ; { ^ *?(oj)}. 
" + ~ + J+<j<i+ 
(1) implies that there are indices J-,J+ G Z, 

i_ < J_ < n + 1, J+ - n - 1 < J+ < i+, 

that are given by 

J_ = min{J : — ^ ^( a j) = h(a),aj G Z/LTZ}, 
<J<j<i+ 

J + = max{ J : 77(07) = h(a),a,j G Z/LTZ}, 

i-<j<J 

We set 

y ~ = fl {»" G r («/_,/ + +n+i]) : ^{ ai )<h{a)}, 

QeN 7_-Q<i</_ 

y+ = fl iv~ e r ( ft /- ,/++«+!]) : - Via*) ^ %)}> 

QeN / + <i</++Q 

and 

Q-(y-) = max{QGN: ^ r,^) = %) + 1}, y _ G r~(a) \ F - , 

J_-Q<i</_ 

Q+(y + )=min{QGN:- ]T r/K) = /i(a) + 1}, y~ G T~(a) \ Y~ . 

I+<i<I++Q 

Here 

i£_ (ir) g {7- : e ^/nz}, 

e {7 + (/5+,5+) : (/3 + ,<5+ G Z/IIZ}, 
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and we denote for y € T (a) \Y by (3-(y ) the element of Z/IIZ that appears 
as the /3- in y~ , and for y~ € r~(a) \ Y~ by /3_(j/~) the element of Z/IIZ 

that appears as the /3 + in Uj^ t y +y With this notation 
T(a) = 

(Y-xT+(a))U{(y- G Y~ ,y+ G Y+) : p + (y-)-p_(y+) = r(o) }U(T~ (a) xF+) , 

which shows that X(n) has property (A). 

To indicate how the semigroup, that is associated to X(H), arises, let Z/IIZ be 
the vertex set of G(II), and denote the edges in G(IT), that go from vertex r to 
vertex r', by e(r,6, /3,t'),t,5, /3,t' G Z/IIZ. A representative of the idempotent 
It S <S(C/(n)),T G Z/IIZ, is given, for example, by a point in X(H) that carries 
the bi-infmite concatenation of the word 7~(0, 0)07 + (0, 0)0, and representatives of 
the generators e~(r, 5, f3, r') and e + (r,5, f3,r') of S(Q(H)) are given, for example, 
respectively by the points x T ' 5,l3 ' T , x T >P' S > T g X(II) where 

4' W ' = 7-(<5,/3), ^'^ = 7 +(/3, ( 5), 

and where xT^'^C and ^(q'^)' t carry the right-infinite concatenation, and ^Tl^'m 

and x r ,_^f'Z carry the left-infinite concatenation of the word 7~ (0, 0)07 + (0, 0)0. □ 

Proposition 8.2. The subshift X(II) does not have Property (C). 

Proof. Let P G N, and set 

c P , r = (07-(0,0)07+(0,0) 2 ) p r( 7 -(0,0) 2 07 + (0,0)0) p , r G Z/IIZ. 

The left contexts of the words cp. T ,r G Z/IIZ, are the same, their right contexts 
are the same, and for r, /3 + G Z/IIZ the pair 

( 7 "(0, /3-)( 7 "(0, 0) 2 7 + (0, 0)0) p - 1 7 -(0, 0) 2 7 +(0, 0), 

7~(0, 0)0 7 + (0, 0) 2 (0 7 "(0, 0)0 7 + (0, 0) 2 ) p ~ 1 7 + (/?+, 0)) 
is in the context of cp )T if and only if 

/3_-/3+ = r. □ 



9. Markov codes and zeta functions 

Denoting by H n (X) the number of points of period n of a shift-invariant set 
IcS z , the zeta function of X is given by 

We also recall from jKej the notion of a circular Markov code to the extent that is 
needed here. We let a Markov code be given by code C of words in the symbols of 
a finite alphabet £ together with a finite set V and mappings r : C — > V, s : C — >• V" . 
To a Markov code (CC, r, s) there is associated the shift invariant set X(e, r ,s) C S z 
of points a; G S z such that there are indices Ik,k € Z, 

io<0<Ji, 7 fc <7 fc+ i, fc G Z, 

such that 

(1) x [/fci/fc+l) G C, fcGZ, 

and 



(2) 



K^.^)) = s(a; [/)tiJfe+l) ), fcGZ. 
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(C, r, s) is said to be a circular Markov code if for every periodic point x in Xrc, r ,s) 
the indices Ik,k £ Z, such that (1) and (2) hold, arc uniquely determined by x. 
Given a circular Markov code (C, s, r) denote by C(u, w) the set of words c G C such 
that s(c) = u, r(c) = w,u,w £ V. Set 

0e(«,u) = ^2 card { c e c : s ( c ) = u ' r ( c ) = v > ^( c ) = 

0<n<oo 

and introduce the matrix 

H {c) (z) = (g C (u,v){z))u,vev- 

For a circular Markov code (C, s, r), one has |Kej 

(3) Cx (c , r , s) W = det(/- J ff( c )(z))- 1 . 

Given an 7\L-graph Q-jz (*p, £~ , £+). we associate to an <Stc(*P, £ — , £ + )-presentation 
X(V, E, A) the state spaces 

XT = {ct G E : A(cr) G S~ U {l p : p G <£}}, 

and 

E+ = {a £ E : A(cr) G {l p : p G <£} U 5+}, 
together with the 0-1 transition matrices (v4~ (p, t)) PjTGS - and (A + (p, r)) p T£ £+ , 
where for p,r in E~(E + ) we set A~(p, t))(A + (p, t)) equal to 1 if and only if 
r(p) = s(r). We denote the (possibly empty) topological Markov shift with state 
space £ _ (£ + ) and transition matrix A~(A + ) by X(E~, ,4~)(A:(E + , A+)). Also 
we associate to the finite directed labeled graph (V, E, A) the circular Markov code 
(C°(V, E, A), r, s), where C°(V, E, A) ist the set of words 

MkkjSW.S.A)), 7>1, 

such that 

A((o-i)i<i</) e {1 P :p G^}, 
A(((Jj)i<j<j) ^ {lp : p £ 1<J<I, 

we let 

C(V,E,A) (C+(V,E,A)) 

be the set of words 

(o- i )i<i</e£(*(V,53,A)) ) />l, 

such that 

A((o-0i<i</) e 5 " u I 1 ? : ^eqj}, 

\((<n)j<i<i) £ S+, 1<J<I, 
(A((a l )i< l < / ) G {lp :p e?}U5+, 

A((o-0i<i<j) 6 5+ > l<^<-f,) 
and we associate to the finite directed labelled graph (V, E, A) the circular Markov 
codes (C-(V,E,A),r,s) and (C+(V, E, A), r, s), where C"(V,E,A)( C+(V,E,A)) ist 
the set of words that contains the words that are in C~(V, E, A)(C+(V, E, A)) or that 
are concatenations of a word in C~(V, E, A)(C+(V, E, A)) and a word in £(E _ , A - ) 
(£(£+A+)). 

Theorem 9.1. 

Ca-(V,£,A)0) = 

det(l-g c "( v ^ A »(z)) 

det(l - A-z) det(l - ff c ~( v ^ A )))(z)) det (1 - H c+ W- X ))(z))) det(l - ' 
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Proof. Apply the formula for the zeta function of a topological Markov shift ( |LMj ). 
and note that det(l - A~z) = l(det(l - A+z) = 1) if X(E~,A-)( X(E+,A + )) 
is empty. Apply formula (3) and collect the contributions to the zeta function of 
X(V,E,A). □ 

Following [Kej . special cases of Theorem 7.1 appeared in [Q, |KM2] and |IKj . 

We denote for an Snffi, £~, £ + )-presentation X(V, S,A), and for p G <P by 
P P (A(V, E, A)) the set of periodic points of A(V, E, A) that carry for some V G V 
a bi-infinite concatenation of a path 6 from V to V such that A(o) = l p . 

Proposition 9.2. Let Gti($, £~, be an TZ-graph such that for r G CP luii/i onZj/ 
one predecessor vertex q G £ _ , equivalently, with only one successor vertex q G £ + , 
one /ias t/iat /or e _ G £ _ (q,t) £/iere is an e + G £ + (q,t), smc/i i/iai (e _ ,e + ) ^ 
7£(q,t), and aZso /or e + G £ + (q,t) t/iere is an e - G £ _ (q,t), suc/i i/iai (e~,e + ) ^ 
7?.(q,t). Let X(V,E,A) and X(V,E,A) oe topologically conjugate Sn.(?$, £~ , £ + )- 
presentations. Then 

II (f - Cp,(X(V,E,A))(*)) = II K C Pp( x(V,S,A))( Z ))- 

Proof. The hypothesis on the 7?.-graph </f?.(*p, £~, £ + ) implies that 

P(A(X(V,E,A)))= U P P (X(V,E,A)), 
pe<P 

and, moreover, that this is in fact the partition of P(A(X(V, E, A))) into its ~- 
equivalence classes, which is invariant under topological conjugacy. □ 

In the case of graph inverse semigroups of finite directed graphs, in which every 
vertex has at least two incoming edges, the set P(A(X(V, E, A))) appeared in [HI! 
I Ilk as the set of neutral periodic points. For the case of a Markov-Dyck shift 
X the coefficient sequence of the Taylor expansion of the coefficient of £ card (V)-i 
in Ilpeq3(£ — Cp p (x)(z)) wa s introduced in |M3j as a generalization of the Catalan 
numbers. (With the Catalan numbers C'k — j^fj ( 2 ^) this sequence is in the case of 
the Dyck shift D N ,N > 1, equal to N k C k , k G Z+.) 
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